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ABSTRACT
The permutability of two Backlund transformations is employed to construct a non linear
superposition formula and to generate a class of solutions for the N = 2 super sine-Gordon
model. We present explicitly the one and two soliton solutions.
1 Introduction
Backlund transformations reduce the order of the non-linear differential equations making the
system sometimes effectively more tractable. Starting with a simple input solution, we may
be able to solve for a more complicated one. In many cases, this may be very difficult to
accomplish. A convenient and powerful way is to use the permutability theorem which provides
a closed algebraic non-linear superposition formula for the solutions.
The Backlund transformation and the Permutability theorem are employed to derive a series
of consistency conditions which are satisfied by soliton solutions of certain class of integrable
models. Within such class, we encounter the sine-Gordon [1] and KdV [2] equations. This
framework was also applied to the N = 1 super KdV [3] and super sinh-Gordon [4] in order to
derive its soliton solutions.
The N = 2 super sine-Gordon model was proposed in [5] and later in [6] its algebraic
structure was uncovered. Certain solutions of this model have already been constructed [7],
however they were such that involve a single Grassmann parameter. In this paper we extend
the non-linear superposition formulae for soliton solutions of the N = 2 super sine-Gordon
model. These formulae are derived from the Backlund transformation proposed in [8] and the
permutability condition which implies that the order of two successive Backlund transformations
is irrelevant. As examples, we present explicitly the 1-and 2-soliton solutions with distinct
Grassmann parameters.
Recently the Pohlmeyer reduction of AdSnxSn superstring models have been considered [9]
which in the simple case of n = 2 was shown [10] to be equivalent to the N = 2 supersymmetric
sine-Gordon.
This paper is organized as follows. In Section 2 we discuss the N = 2 super sine-Gordon
and its Backlund Transformation. In Section 3 we apply the permutability condition to derive
a closed algebraic non-linear superposition formulae involving solutions of the model. Finally
in Section 4 and 5 we present the 1- and 2-soliton solutions respectively. In the appendix A we
present the Backlund transformation in components. In appendices B and C we give details for
the derivation of the superposition formulae.
2 N = 2 super sine-Gordon - Backlund Transformation
Let us start by introducing the N = 2 superfields [5]
φ± = ϕ±(z±, z¯±) + θ±ψ∓(z±, z¯±) + θ¯±ψ¯∓(z±, z¯±) + θ±θ¯±F±(z±, z¯±),
where
z± = z ±
1
2
θ+θ−, z¯± = z¯ ±
1
2
θ¯+θ¯−.
The superfield components φ± can be expanded in Grassmann variables θ± and θ¯±. For
instance, the component ϕ±(z±, z¯±) gives rise to
ϕ±(z±, z¯±) = ϕ± ±
1
2
θ+θ−∂zϕ
± ±
1
2
θ¯+θ¯−∂z¯ϕ
± +
1
4
θ+θ−θ¯+θ¯−∂z∂z¯ϕ
±.
1
By expanding all components of φ±,we obtain
φ± = ϕ± + θ±ψ∓ + θ¯±ψ¯∓ ±
1
2
θ+θ−∂zϕ
± ±
1
2
θ¯+θ¯−∂z¯ϕ
± + θ±θ¯±F±
±θ±θ¯+θ¯−
1
2
∂z¯ψ
∓ ± θ¯±θ+θ−
1
2
∂zψ¯
∓ +
1
4
θ+θ−θ¯+θ¯−∂z∂z¯ϕ
±.
We next introduce the super derivatives
D± =
∂
∂θ±
+
1
2
θ∓∂z, D¯± =
∂
∂θ¯±
+
1
2
θ¯∓∂z¯,
satisfying the following conditions
D2± = 0, D¯
2
± = 0,
{D¯±, D±} = 0, {D¯±, D∓} = 0,
{D+, D−} = ∂z, {D¯+, D¯−} = ∂z¯ .
The equations of motion for the supersymmetric sine-Gordon model with N = 2 are given by
[5]
D¯±D±φ
± = g sin
(
βφ∓
)
, (1)
where g is a mass parameter and β is the coupling constant. From now on we assume β = 1
which may be re-inserted by a convenient field reparametrization. In components, the equations
of motion for the N = 2 super sine-Gordon reads,
F± = g sinϕ∓,
∂z¯ψ
∓ = g cosϕ∓ψ¯±,
∂zψ¯
∓ = −g cosϕ∓ψ±,
∂z∂z¯ϕ
± = −g cosϕ∓F∓ − g sinϕ∓ψ±ψ¯±.
Moreover the the chiral, φ+ and the anti-chiral, φ− superfields satisfy the conditions
D¯±φ
∓ = D±φ
∓ = 0. (2)
Let us now recall the Backlund transformation for the N = 2 super sine-Gordon model [8].
For this purpose, consider the pair of first order differential equations
D+φ
+
1 = D+φ
+
2 −
8
κ
F cos
(
φ−1 + φ
−
2
2
)
, (3)
D¯+φ
+
1 = −D¯+φ
+
2 + κG cos
(
φ−1 − φ
−
2
2
)
, (4)
where F and G are fermionic auxiliary superfields and κ is an arbitrary constant. The above
equation and the condition
(D¯+D+ +D+D¯+)φ
+
1 = 0,
2
leads to the equations of motion
D¯+D+φ
+
2 = g sinφ
−
2 ,
provided the superfields F and G satisfy
D¯+F = −
κg
4
sin
(
φ−1 − φ
−
2
2
)
, D+G = −
2g
κ
sin
(
φ−1 + φ
−
2
2
)
. (5)
In a similar way,
D−φ
−
1 = D−φ
−
2 + λG cos
(
φ+1 + φ
+
2
2
)
, (6)
D¯−φ
−
1 = −D¯−φ
−
2 −
8
λ
F cos
(
φ+1 − φ
+
2
2
)
, (7)
where λ is another arbitrary constant. Together with the condition
(D¯−D− +D−D¯−)φ
−
1 = 0,
yields
D¯−D−φ
−
2 = g sinφ
+
2 ,
provided G and F satisfy
D¯−G =
2g
λ
sin
(
φ+1 − φ
+
2
2
)
, D−F =
λg
4
sin
(
φ+1 + φ
+
2
2
)
. (8)
Acting with D+ in eqn. (3), D¯+ in (4), D− in (6) and D¯− in (7) we find
D+F = 0, D¯+G = 0, D−G = 0, D¯−F = 0. (9)
These last conditions allows us to rewrite the fermionic superfields into two distinct manners,
i.e.,
F = D+Φ
+
1 = D¯−Φ
−
2 , (10)
G = D−Φ
−
1 = D¯+Φ
+
2 , (11)
where the chiral Φ+p and anti-chiral Φ
−
p , p = 1, 2 superfields are defined as
Φ±1 = q
±
1 (z
±, z¯±) + θ±ζ±1 (z
±, z¯±) + θ¯±ζ±2 (z
±, z¯±) + θ±θ¯±q±2 (z
±, z¯±),
Φ±2 = p
±
1 (z
±, z¯±) + θ±ξ±1 (z
±, z¯±) + θ¯±ξ±2 (z
±, z¯±) + θ±θ¯±p±2 (z
±, z¯±).
The second equality in (10) implies
ζ+1 = ξ
−
2 , q
+
2 = ∂z¯p
−
1 , p
−
2 = −∂zq
+
1 , ∂zζ
+
2 = −∂z¯ξ
−
1 , (12)
whilst the second equality in (11) implies
ζ−1 = ξ
+
2 , p
+
2 = −∂zq
−
1 , q
−
2 = ∂z¯p
+
1 , ∂zζ
−
2 = −∂z¯ξ
+
1 . (13)
Eqns. (3)-(9) describe the Backlund transformation for the N = 2 super sine-Gordon
system. In appendix A we present these equations in components.
3
3 The Permutability condition
A Backlund transformation from φ±0 to φ
±
1 is described by
D+(φ
+
0 − φ
+
1 ) = −
8
κ1
F (0,1) cos
(
φ−0 + φ
−
1
2
)
, (14)
D¯+(φ
+
0 + φ
+
1 ) = κ1G
(0,1) cos
(
φ−0 − φ
−
1
2
)
, (15)
D−(φ
−
0 − φ
−
1 ) = λ1G
(0,1) cos
(
φ+0 + φ
+
1
2
)
, (16)
D¯−(φ
−
0 + φ
−
1 ) = −
8
λ1
F (0,1) cos
(
φ+0 − φ
+
1
2
)
, (17)
where we have introduced the superscript indices (0, 1) for the auxiliary fermionic superfields
denoting its dependence in φ±0 and φ
±
1 . The later, in turn satisfy the following condition (as in
(5) and (8))
D¯+F
(0,1) = −g
κ1
4
sin
(
φ−0 − φ
−
1
2
)
, (18)
D+G
(0,1) = −g
2
κ1
sin
(
φ−0 + φ
−
1
2
)
, (19)
D¯−G
(0,1) = g
2
λ1
sin
(
φ+0 − φ
+
1
2
)
, (20)
D−F
(0,1) = g
λ1
4
sin
(
φ+0 + φ
+
1
2
)
. (21)
The chiral conditions (9), i.e.,
D¯−F
(0,1) = 0, D+F
(0,1) = 0, D¯+G
(0,1) = 0, D−G
(0,1) = 0,
are automatically satisfied using eqn. (10), i.e., expressing the fermionic superfields as deriva-
tives of chiral superfields,
F (0,1) = D+Φ
+(0,1)
1 = D¯−Φ
−(0,1)
2 , G
(0,1) = D−Φ
−(0,1)
1 = D¯+Φ
+(0,1)
2 ,
where the superscript indices indicate whether the superfield Φ±1 and Φ
±
2 depend upon φ
±
0
and φ±1 . Acting with super derivatives D−, D¯−, D+ and D¯+ on eqns.(14), (15), (16) and (17)
respectively, we find
∂z(φ
+
0 − φ
+
1 ) = −2γ1 s
+
0,1c
−
0,1 +
8
κ1
F (0,1)D−c
−
0,1, (22)
∂z¯(φ
+
0 + φ
+
1 ) = 2
g2
γ1
s¯+0,1c¯
−
0,1 − κ1G
(0,1)D¯−c¯
−
0,1, (23)
∂z(φ
−
0 − φ
−
1 ) = −2γ1 s
−
0,1c
+
0,1 − λ1G
(0,1)D+c
+
0,1, (24)
∂z¯(φ
−
0 + φ
−
1 ) = 2
g2
γ1
s¯−0,1c¯
+
0,1 +
8
λ1
F (0,1)D¯+c¯
+
0,1, (25)
4
where γ1 = g
λ1
κ1
and
c±j,k = cos
(
φ±j + φ
±
k
2
)
, s±j,k = sin
(
φ±j + φ
±
k
2
)
, (26)
c¯±j,k = cos
(
φ±j − φ
±
k
2
)
, s¯±j,k = sin
(
φ±j − φ
±
k
2
)
, (27)
We now assume that the order of two successive Backlund transformations is irrelevant
leading to the same final result. Such condition is known as the permutability theorem, i.e.,
φ±0
γ1
//φ±1
γ2
//φ±12 and in the inverse order, φ
±
0
γ2
//φ±2
γ1
//φ±21 , does not change the final
result, φ±12 = φ
±
21 ≡ φ
±
3 .
The permutability theorem applied to the Backlund equation (14) leads to
D+(φ
+
0 − φ
+
1 ) = −
8
κ1
F (0,1)c−0,1,
D+(φ
+
1 − φ
+
3 ) = −
8
κ2
F (1,3)c−1,3,
D+(φ
+
0 − φ
+
2 ) = −
8
κ2
F (0,2)c−0,2,
D+(φ
+
2 − φ
+
3 ) = −
8
κ1
F (2,3)c−2,3. (28)
Taking into account that the sum of the first two and the last two equations are the same, we
obtain,
1
κ1
F (0,1)c−0,1 +
1
κ2
F (1,3)c−1,3 =
1
κ2
F (0,2)c−0,2 +
1
κ1
F (2,3)c−2,3. (29)
Similarly, from (17), we obtain
D¯−(φ
−
0 + φ
−
1 ) = −
8
λ1
F (0,1)c¯+0,1,
D¯−(φ
−
1 + φ
−
3 ) = −
8
λ2
F (1,3)c¯+1,3,
D¯−(φ
−
0 + φ
−
2 ) = −
8
λ2
F (0,2)c¯+0,2,
D¯−(φ
−
2 + φ
−
3 ) = −
8
λ1
F (2,3)c¯+2,3, (30)
leading to
1
λ1
F (0,1)c¯+0,1 −
1
λ2
F (1,3)c¯+1,3 =
1
λ2
F (0,2)c¯+0,2 −
1
λ1
F (2,3)c¯+2,3. (31)
We propose as solution for the non-linear superposition formula φ±12 = φ
±
21 = φ
±
3 ,
φ±3 = φ
±
0 + Γ± +∆±, (32)
5
with
Γ±(x, y) = 2 arctan
[
δ tan
(
x+ y
4
)]
± 2 arctan
[
δ tan
(
x− y
4
)]
,
x = φ+1 − φ
+
2 , y = φ
−
1 − φ
−
2 , (33)
δ =
γ1 + γ2
γ1 − γ2
, γk = g
λk
κk
.
Notice that the solution φ±3 when the fermionic superfields are neglected is derived in the
appendix B to be φ±3 = φ
±
0 + Γ±. The term ∆± comes from the contribution of the fermionic
superfields and has the following form
∆± =
2∑
j,k=1
Λ±j,kfj,k + Λ
±
0 f0,
fj,k = F
(0,j)G(0,k), f0 = F
(0,1)F (0,2)G(0,1)G(0,2),
where we have assumed the coefficients Λ± to be functionals of x = (φ+1 − φ
+
2 ) and y =
(φ−1 − φ
−
2 ),i.e.,
Λ±j,k = Λ
±
j,k(x, y), Λ
±
0 = Λ
±
0 (x, y). (34)
Observe that there are no terms like Λ±1 F
(0,1)F (0,2) nor Λ±2 G
(0,1)G(0,2) due to chiral equations
(2). Λ± are determined in appendix C where,
Λ+1,1 = Λ
+
2,2 = −
8µ−
gη+η−
cos
(
x
2
)
sin
(
y
2
)
,
Λ+1,2 =
8µ−
gη+η−
(
λ2
λ1
)
sin
(
y
2
)
,
Λ+2,1 =
8µ−
gη+η−
(
λ1
λ2
)
sin
(
y
2
)
,
Λ+0 = −
32µ−
(gη+η−)2
sin
(
x
2
) [
cos
(
y
2
)
(a+ cos x− cos y)− 2µ+ cos
(
x
2
)]
,
Λ−1,1 = Λ
−
2,2 =
8µ−
gη+η−
cos
(
y
2
)
sin
(
x
2
)
,
Λ−1,2 = −
8µ−
gη+η−
(
κ2
κ1
)
sin
(
x
2
)
,
Λ−2,1 = −
8µ−
gη+η−
(
κ1
κ2
)
sin
(
x
2
)
,
Λ−0 = −
32µ−
(gη+η−)2
sin
(
y
2
) [
cos
(
x
2
)
(a− cosx+ cos y)− 2µ+ cos
(
y
2
)]
,
µ± =
γ1
γ2
±
γ2
γ1
,
a =
1
2
(
γ21
γ22
+
γ22
γ21
)
+ 3,
η± = µ+ − 2 cos
(
x± y
2
)
.
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3.1 Solution in Components
In components the non-linear superposition formula (32) yields the following expressions,
ϕ+3 = ϕ
+
0 + Γ˜+ −
8µ−
gη˜+η˜−
(
A+1 − B
+
1 +
4
gη˜+η˜−
C+1
)
,
ψ−3 = ψ
−
0 + F1,2ψ
−
1,2 +
8µ−
gη˜+η˜−
(
A+2 − B
+
2 +
4
gη˜+η˜−
C+2
)
,
ψ¯−3 = ψ¯
−
0 + F1,2ψ¯
−
1,2 +
8µ−
gη˜+η˜−
(
A+3 − B
+
3 +
4
gη˜+η˜−
C+3
)
,
ϕ−3 = ϕ
−
0 + Γ˜− +
8µ−
gη˜+η˜−
(
A−1 − B
−
1 −
4
gη˜+η˜−
C−1
)
,
ψ+3 = ψ
+
0 + F1,2ψ
+
1,2 −
8µ−
gη˜+η˜−
(
A−2 − B
−
2 −
4
gη˜+η˜−
C−2
)
,
ψ¯+3 = ψ¯
+
0 + F1,2ψ¯
+
1,2 −
8µ−
gη˜+η˜−
(
A−3 − B
−
3 −
4
gη˜+η˜−
C−3
)
,
where
Γ˜± = 2 arctan
[
δ tan
(
ϕ+1,2 + ϕ
−
1,2
4
)]
± 2 arctan
[
δ tan
(
ϕ+1,2 − ϕ
−
1,2
4
)]
,
η˜± = µ+ − 2 cos
(
ϕ+1,2 ± ϕ
−
1,2
2
)
,
F1,2 =
δ
2


sec2
(
ϕ+1,2+ϕ
−
1,2
4
)
1 + δ2 tan2
(
ϕ+1,2+ϕ
−
1,2
4
) + sec
2
(
ϕ+1,2−ϕ
−
1,2
4
)
1 + δ2 tan2
(
ϕ+1,2−ϕ
−
1,2
4
)

 ,
7
A+1 = cos
(
ϕ+1,2
2
)
sin
(
ϕ−1,2
2
)(
ζ
+(0,1)
1 ξ
+(0,1)
2 + ζ
+(0,2)
1 ξ
+(0,2)
2
)
,
A+2 = − cos
(
ϕ+1,2
2
)
sin
(
ϕ−1,2
2
)(
ζ
+(0,1)
1 p
+(0,1)
2 + ζ
+(0,2)
1 p
+(0,2)
2
)
−Σ+
(
ζ
+(0,1)
1 ξ
+(0,1)
2 + ζ
+(0,2)
1 ξ
+(0,2)
2
)
ψ−1,2,
A+3 = − cos
(
ϕ+1,2
2
)
sin
(
ϕ−1,2
2
)(
q
+(0,1)
2 ξ
+(0,1)
2 + q
+(0,2)
2 ξ
+(0,2)
2
)
−Σ+
(
ζ
+(0,1)
1 ξ
+(0,1)
2 + ζ
+(0,2)
1 ξ
+(0,2)
2
)
ψ¯−1,2,
B+1 = sin
(
ϕ−1,2
2
)(
λ2
λ1
ζ
+(0,1)
1 ξ
+(0,2)
2 +
λ1
λ2
ζ
+(0,2)
1 ξ
+(0,1)
2
)
,
B+2 = − sin
(
ϕ−1,2
2
)(
λ2
λ1
ζ
+(0,1)
1 p
+(0,2)
2 +
λ1
λ2
ζ
+(0,2)
1 p
+(0,1)
2
)
−Ω+
(
λ2
λ1
ζ
+(0,1)
1 ξ
+(0,2)
2 +
λ1
λ2
ζ
+(0,2)
1 ξ
+(0,1)
2
)
ψ−1,2,
B+3 = − sin
(
ϕ−1,2
2
)(
λ2
λ1
q
+(0,1)
2 ξ
+(0,2)
2 +
λ1
λ2
q
+(0,2)
2 ξ
+(0,1)
2
)
−Ω+
(
λ2
λ1
ζ
+(0,1)
1 ξ
+(0,2)
2 +
λ1
λ2
ζ
+(0,2)
1 ξ
+(0,1)
2
)
ψ¯−1,2,
C+1 = sin
(
ϕ+1,2
2
)
A+ζ
+(0,1)
1 ζ
+(0,2)
1 ξ
+(0,1)
2 ξ
+(0,2)
2 ,
C+2 = sin
(
ϕ+1,2
2
)
A+ζ
+(0,1)
1 ζ
+(0,2)
1
(
ξ
+(0,2)
2 p
+(0,1)
2 − ξ
+(0,1)
2 p
+(0,2)
2
)
,
C+3 = sin
(
ϕ+1,2
2
)
A+ξ
+(0,1)
2 ξ
+(0,2)
2
(
ζ
+(0,1)
1 q
+(0,2)
2 − ζ
+(0,2)
1 q
+(0,1)
2
)
,
8
A−1 = cos
(
ϕ−1,2
2
)
sin
(
ϕ+1,2
2
) (
ζ
+(0,1)
1 ξ
+(0,1)
2 + ζ
+(0,2)
1 ξ
+(0,2)
2
)
,
A−2 = − cos
(
ϕ−1,2
2
)
sin
(
ϕ+1,2
2
) (
∂zq
+(0,1)
1 ξ
+(0,1)
2 + ∂zq
+(0,2)
1 ξ
+(0,2)
2
)
−Σ−
(
ζ
+(0,1)
1 ξ
+(0,1)
2 + ζ
+(0,2)
1 ξ
+(0,2)
2
)
ψ+1,2,
A−3 = cos
(
ϕ−1,2
2
)
sin
(
ϕ+1,2
2
) (
ζ
+(0,1)
1 ∂z¯p
+(0,1)
1 + ζ
+(0,2)
1 ∂z¯p
+(0,2)
1
)
−Σ−
(
ζ
+(0,1)
1 ξ
+(0,1)
2 + ζ
+(0,2)
1 ξ
+(0,2)
2
)
ψ¯+1,2,
B−1 = sin
(
ϕ+1,2
2
)(
κ2
κ1
ζ
+(0,1)
1 ξ
+(0,2)
2 +
κ1
κ2
ζ
+(0,2)
1 ξ
+(0,1)
2
)
,
B−2 = − sin
(
ϕ+1,2
2
)(
κ2
κ1
∂zq
+(0,1)
1 ξ
+(0,2)
2 +
κ1
κ2
∂zq
+(0,2)
1 ξ
+(0,1)
2
)
−Ω−
(
κ2
κ1
ζ
+(0,1)
1 ξ
+(0,2)
2 +
κ1
κ2
ζ
+(0,2)
1 ξ
+(0,1)
2
)
ψ+1,2,
B−3 = sin
(
ϕ+1,2
2
)(
κ2
κ1
ζ
+(0,1)
1 ∂z¯p
+(0,2)
1 +
κ1
κ2
ζ
+(0,2)
1 ∂z¯p
+(0,1)
1
)
−Ω−
(
κ2
κ1
ζ
+(0,1)
1 ξ
+(0,2)
2 +
κ1
κ2
ζ
+(0,2)
1 ξ
+(0,1)
2
)
ψ¯+1,2,
C−1 = sin
(
ϕ−1,2
2
)
A−ζ
+(0,1)
1 ζ
+(0,2)
1 ξ
+(0,1)
2 ξ
+(0,2)
2 ,
C−2 = − sin
(
ϕ−1,2
2
)
A−ξ
+(0,1)
2 ξ
+(0,2)
2
(
ζ
+(0,2)
1 ∂zq
+(0,1)
1 − ζ
+(0,1)
1 ∂zq
+(0,2)
1
)
,
C−3 = − sin
(
ϕ−1,2
2
)
A−ζ
+(0,1)
1 ζ
+(0,2)
1
(
ξ
+(0,2)
2 ∂z¯p
+(0,1)
1 − ξ
+(0,1)
2 ∂z¯p
+(0,2)
1
)
,
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Σ+ = cos
(
ϕ+1,2
2
)
Ω+ −
1
2
sin
(
ϕ−1,2
2
)
sin
(
ϕ+1,2
2
)
,
Ω+ = − sin
(
ϕ−1,2
2
)[
1
η˜+
sin
(
ϕ+1,2 + ϕ
−
1,2
2
)
+
1
η˜−
sin
(
ϕ+1,2 − ϕ
−
1,2
2
)]
,
A+ = cos
(
ϕ−1,2
2
) (
a + cosϕ+1,2 − cosϕ
−
1,2
)
− 2µ+ cos
(
ϕ+1,2
2
)
,
Σ− = cos
(
ϕ−1,2
2
)
Ω− −
1
2
sin
(
ϕ−1,2
2
)
sin
(
ϕ+1,2
2
)
,
Ω− = − sin
(
ϕ+1,2
2
)[
1
η˜+
sin
(
ϕ+1,2 + ϕ
−
1,2
2
)
−
1
η˜−
sin
(
ϕ+1,2 − ϕ
−
1,2
2
)]
,
A− = cos
(
ϕ+1,2
2
) (
a− cosϕ+1,2 + cosϕ
−
1,2
)
− 2µ+ cos
(
ϕ−1,2
2
)
,
and denoted
ϕ±1,2 = ϕ
±
1 − ϕ
±
2 , ψ
±
1,2 = ψ
±
1 − ψ
±
2 , ψ¯
±
1,2 = ψ¯
±
1 − ψ¯
±
2 .
From the Backlund eqns. we get (see app. A)
ζ
+(0,k)
1 = −
κk
8
(ψ−0 − ψ
−
k )
cos
(
ϕ−0 +ϕ
−
k
2
) , ξ+(0,k)2 = 1
κk
(ψ¯−0 + ψ¯
−
k )
cos
(
ϕ−0 −ϕ
−
k
2
) ,
∂zq
+(0,k)
1 =
λkg
4
sin
(
ϕ+0 + ϕ
+
k
2
)
, p
+(0,k)
2 =
2g
κk
sin
(
ϕ−0 + ϕ
−
k
2
)
,
q
+(0,k)
2 = −
κkg
4
sin
(
ϕ−0 − ϕ
−
k
2
)
, ∂z¯p
+(0,k)
1 =
2g
λk
sin
(
ϕ+0 − ϕ
+
k
2
)
.
4 1-Soliton Solution
Setting φ±0 = 0 in the Backlund eqns. (14)-(21) we find in components,
∂z¯ζ
+(0,1)
1 = −
g2
γ1
cos
(
ϕ+1
2
)
cos
(
ϕ−1
2
)
ζ
+(0,1)
1 ,
∂zζ
+(0,1)
1 = γ1 cos
(
ϕ+1
2
)
cos
(
ϕ−1
2
)
ζ
+(0,1)
1 ,
∂z¯ξ
+(0,1)
2 = −
g2
γ1
cos
(
ϕ+1
2
)
cos
(
ϕ−1
2
)
ξ
+(0,1)
2 ,
∂zξ
+(0,1)
2 = γ1 cos
(
ϕ+1
2
)
cos
(
ϕ−1
2
)
ξ
+(0,1)
2 ,
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∂z¯ϕ
±
1 = −
2g2
γ1
sin
(
ϕ±1
2
)
cos
(
ϕ∓1
2
)
,
∂zϕ
±
1 = 2γ1 sin
(
ϕ±1
2
)
cos
(
ϕ∓1
2
)
.
Integrating the above eqns. we get the 1-soliton solution,
ψ−1 =
8
κ1
cos
(
ϕ−1
2
)
ζ
+(0,1)
1 , ψ
+
1 = −λ1 cos
(
ϕ+1
2
)
ξ
+(0,1)
2 ,
ψ¯−1 = κ1 cos
(
ϕ−1
2
)
ξ
+(0,1)
2 , ψ¯
+
1 = −
8
λ1
cos
(
ϕ+1
2
)
ζ
+(0,1)
1 ,
ϕ±1 = 2 arctan(a1ρ1)± 2 arctan(b1ρ1),
ζ
+(0,1)
1 = ξ
+(0,1)
2 = ǫ1χ1,
χ1 =
ρ1√
(1 + a21ρ
2
1)(1 + b
2
1ρ
2
1)
,
where a1 and b1 are arbitrary constants, ǫ1 is a grassmann parameter and
ρ1 = exp
(
γ1z −
g2
γ1
z¯
)
.
The 1-soliton solution constructed in this section can be obtained from those of [7] by relating
parameters since they both involve a single grassmann parameter.
5 2-Soliton Solution
For the 2-soliton case we obtain from the superposition formulae (32)
ϕ+3 = ϕ
+(0)
3 + ϕ
+(1)
3 ǫ1ǫ2,
ϕ
+(0)
3 = 2 arctan
[
δ tan
(
ϕ+1,2 + ϕ
−
1,2
4
)]
+ 2 arctan
[
δ tan
(
ϕ+1,2 − ϕ
−
1,2
4
)]
,
ϕ
+(1)
3 =
8µ−
gη˜+η˜−
sin
(
ϕ−1,2
2
)(
λ2
λ1
−
λ1
λ2
)
χ1χ2,
ψ−3 = ǫ1ψ
−(1)
3 + ǫ2ψ
−(2)
3 ,
ψ
−(1)
3 =
8
κ1
F1,2 cos
(
ϕ−1
2
)
χ1
+
16
κ1γ1
µ−
η˜+η˜−
sin
(
ϕ−1,2
2
)
χ1
[
γ2 sin
(
ϕ−2
2
)
− γ1 cos
(
ϕ+1,2
2
)
sin
(
ϕ−1
2
)]
,
ψ
−(2)
3 = −
8
κ2
F1,2 cos
(
ϕ−2
2
)
χ2
+
16
κ2γ2
µ−
η˜+η˜−
sin
(
ϕ−1,2
2
)
χ2
[
γ1 sin
(
ϕ−1
2
)
− γ2 cos
(
ϕ+1,2
2
)
sin
(
ϕ−2
2
)]
,
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ψ¯−3 = ǫ1ψ¯
−(1)
3 + ǫ2ψ¯
−(2)
3 ,
ψ¯
−(1)
3 = κ1F1,2 cos
(
ϕ−1
2
)
χ1
+
2κ1
γ2
µ−
η˜+η˜−
sin
(
ϕ−1,2
2
)
χ1
[
γ1 sin
(
ϕ−2
2
)
− γ2 cos
(
ϕ+1,2
2
)
sin
(
ϕ−1
2
)]
,
ψ¯
−(2)
3 = −κ2F1,2 cos
(
ϕ−2
2
)
χ2
+
2κ2
γ1
µ−
η˜+η˜−
sin
(
ϕ−1,2
2
)
χ2
[
γ2 sin
(
ϕ−1
2
)
− γ1 cos
(
ϕ+1,2
2
)
sin
(
ϕ−2
2
)]
,
ϕ−3 = ϕ
−(0)
3 + ϕ
−(1)
3 ǫ1ǫ2,
ϕ
−(0)
3 = 2 arctan
[
δ tan
(
ϕ+1,2 + ϕ
−
1,2
4
)]
− 2 arctan
[
δ tan
(
ϕ+1,2 − ϕ
−
1,2
4
)]
,
ϕ
−(1)
3 = −
8µ−
gη˜+η˜−
sin
(
ϕ+1,2
2
)(
κ2
κ1
−
κ1
κ2
)
χ1χ2,
ψ+3 = ǫ1ψ
+(1)
3 + ǫ2ψ
+(2)
3 ,
ψ
+(1)
3 = −λ1F1,2 cos
(
ϕ+1
2
)
χ1
−
2λ1
γ1
µ−
η˜+η˜−
sin
(
ϕ+1,2
2
)
χ1
[
γ2 sin
(
ϕ+2
2
)
− γ1 cos
(
ϕ−1,2
2
)
sin
(
ϕ+1
2
)]
,
ψ
+(2)
3 = λ2F1,2 cos
(
ϕ+2
2
)
χ2
−
2λ2
γ2
µ−
η˜+η˜−
sin
(
ϕ+1,2
2
)
χ2
[
γ1 sin
(
ϕ+1
2
)
− γ2 cos
(
ϕ−1,2
2
)
sin
(
ϕ+2
2
)]
,
ψ¯+3 = ǫ1ψ¯
+(1)
3 + ǫ2ψ¯
+(2)
3 ,
ψ¯
+(1)
3 = −
8
λ1
F1,2 cos
(
ϕ+1
2
)
χ1
−
16
λ1γ2
µ−
η˜+η˜−
sin
(
ϕ+1,2
2
)
χ1
[
γ1 sin
(
ϕ+2
2
)
− γ2 cos
(
ϕ−1,2
2
)
sin
(
ϕ+1
2
)]
,
ψ¯
+(2)
3 =
8
λ2
F1,2 cos
(
ϕ+2
2
)
χ2
−
16
λ2γ1
µ−
η˜+η˜−
sin
(
ϕ+1,2
2
)
χ2
[
γ2 sin
(
ϕ+1
2
)
− γ1 cos
(
ϕ−1,2
2
)
sin
(
ϕ+2
2
)]
,
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where
ϕ±k = 2 arctan(akρk)± 2 arctan(bkρk),
χk =
ρk√
(1 + a2kρ
2
k)(1 + b
2
kρ
2
k)
,
k = 1, 2, ak and bk are arbitrary constants, ǫk is a grassmann constant and
ρk = exp
(
γkz −
g2
γk
z¯
)
.
Notice that the 2-soliton solution constructed in this section generalizes those constructed in
ref. [7]) involving a single grassmann parameter.
Both 1- and 2-soliton solutions presented above were verified to satisfy the equations of
motion.
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Appendix A
In order to simplify notation let us introduce ϕ
(−)
± = ϕ
−
1 ± ϕ
−
2 , ϕ
(+)
± = ϕ
+
1 ± ϕ
+
2 and similar
notation for the other fields.
In components eqn. (5) becomes
• D¯+F = −
κg
4
sin
(
φ−1 −φ
−
2
2
)
,
⇓
q+2 = −
κg
4
sin
(
ϕ
(−)
−
2
)
, ∂z¯ζ
+
1 = −
κg
8
cos
(
ϕ
(−)
−
2
)
ψ¯
(+)
− , ∂zζ
+
2 =
κg
8
cos
(
ϕ
(−)
−
2
)
ψ
(+)
− ,
∂z¯∂zq
+
1 =
κg
8
cos
(
ϕ
(−)
−
2
)
F
(−)
− +
κg
16
sin
(
ϕ
(−)
−
2
)
ψ
(+)
− ψ¯
(+)
− .
• D+G = −
2g
κ
sin
(
φ−1 +φ
−
2
2
)
,
⇓
p+2 =
2g
κ
sin
(
ϕ
(−)
+
2
)
, ∂z¯ξ
+
1 =
g
κ
cos
(
ϕ
(−)
+
2
)
ψ¯
(+)
+ , ∂zξ
+
2 = −
g
κ
cos
(
ϕ
(−)
+
2
)
ψ
(+)
+ ,
∂z¯∂zp
+
1 = −
g
κ
cos
(
ϕ
(−)
+
2
)
F
(−)
+ −
g
2κ
sin
(
ϕ
(−)
+
2
)
ψ
(+)
+ ψ¯
(+)
+ .
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Similarly we find for (8),
• D¯−G =
2g
λ
sin
(
φ+1 −φ
+
2
2
)
,
⇓
q−2 =
2g
λ
sin
(
ϕ
(+)
−
2
)
, ∂z¯ζ
−
1 =
g
λ
cos
(
ϕ
(+)
−
2
)
ψ¯
(−)
− , ∂zζ
−
2 = −
g
λ
cos
(
ϕ
(+)
−
2
)
ψ
(−)
− ,
∂z¯∂zq
−
1 = −
g
λ
cos
(
ϕ
(+)
−
2
)
F
(+)
− −
g
2λ
sin
(
ϕ
(+)
−
2
)
ψ
(−)
− ψ¯
(−)
− .
• D−F =
λg
4
sin
(
φ+1 +φ
+
2
2
)
,
⇓
p−2 = −
λg
4
sin
(
ϕ
(+)
+
2
)
, ∂z¯ξ
−
1 = −
λg
8
cos
(
ϕ
(+)
+
2
)
ψ¯
(−)
+ , ∂zξ
−
2 =
λg
8
cos
(
ϕ
(+)
+
2
)
ψ
(−)
+ ,
∂z¯∂zp
−
1 =
λg
8
cos
(
ϕ
(+)
+
2
)
F
(+)
+ +
λg
16
sin
(
ϕ
(+)
+
2
)
ψ
(−)
+ ψ¯
(−)
+ .
From (3) and (4),
• D+φ
+
1 = D+φ
+
2 −
8
κ
F cos
(
φ−1 +φ
−
2
2
)
,
⇓
ψ
(−)
− = −
8
κ
ζ+1 cos
(
ϕ
(−)
+
2
)
, F
(+)
− = −
8
κ
q+2 cos
(
ϕ
(−)
+
2
)
,
∂zϕ
(+)
− = −
4
κ
sin
(
ϕ
(−)
+
2
)
ζ+1 ψ
(+)
+ −
8
κ
∂zq
+
1 cos
(
ϕ
(−)
+
2
)
.
• D¯+φ
+
1 = −D¯+φ
+
2 + κG cos
(
φ−1 −φ
−
2
2
)
,
⇓
ψ¯
(−)
+ = κξ
+
2 cos
(
ϕ
(−)
−
2
)
, F
(+)
+ = κp
+
2 cos
(
ϕ
(−)
−
2
)
,
∂z¯ϕ
(+)
+ =
κ
2
sin
(
ϕ
(−)
−
2
)
ξ+2 ψ¯
(+)
− + κ∂z¯p
+
1 cos
(
ϕ
(−)
−
2
)
.
From (6) and (7),
• D−φ
−
1 = D−φ
−
2 + λG cos
(
φ+1 +φ
+
2
2
)
,
⇓
ψ
(+)
− = λζ
−
1 cos
(
ϕ
(+)
+
2
)
, F
(−)
− = λq
−
2 cos
(
ϕ
(+)
+
2
)
,
∂zϕ
(−)
− =
λ
2
sin
(
ϕ
(+)
+
2
)
ζ−1 ψ
(−)
+ + λ∂zq
−
1 cos
(
ϕ
(+)
+
2
)
.
• D¯−φ
−
1 = −D¯−φ
−
2 −
8
λ
F cos
(
φ+1 −φ
+
2
2
)
,
⇓
ψ¯
(+)
+ = −
8
λ
ξ−2 cos
(
ϕ
(+)
−
2
)
, F
(−)
+ = −
8
λ
p−2 cos
(
ϕ
(+)
−
2
)
,
∂z¯ϕ
(−)
+ = −
4
λ
sin
(
ϕ
(+)
−
2
)
ξ−2 ψ¯
(−)
− −
8
λ
∂z¯p
−
1 cos
(
ϕ
(+)
−
2
)
.
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Appendix B
Applying the permutability theorem to eqns. (22) and (24) after neglecting the contribution
proportional to fermionic superfields, we obtain the following relations
γ1s
+
0,1c
−
0,1 + γ2s
+
1,3c
−
1,3 = γ2s
+
0,2c
−
0,2 + γ1s
+
2,3c
−
2,3,
γ1s
−
0,1c
+
0,1 + γ2s
−
1,3c
+
1,3 = γ2s
−
0,2c
+
0,2 + γ1s
−
2,3c
+
2,3.
Summing and subtracting the above eqns., we find
γ1
[
(s+0,1c
−
0,1 ± s
−
0,1c
+
0,1)− (s
+
2,3c
−
2,3 ± s
−
2,3c
+
2,3)
]
+γ2
[
(s+1,3c
−
1,3 ± s
−
1,3c
+
1,3)− (s
+
0,2c
−
0,2 ± s
−
0,2c
+
0,2)
]
= 0. (35)
Using the identity
sin a cos b± sin b cos a = sin (a± b) , (36)
and eqns. (26) and (27) we can rewrite (35) as
γ1
{
sin
[(
φ+0 + φ
+
1
2
)
±
(
φ−0 + φ
−
1
2
)]
− sin
[(
φ+2 + φ
+
3
2
)
±
(
φ−2 + φ
−
3
2
)]}
γ2
{
sin
[(
φ+1 + φ
+
3
2
)
±
(
φ−1 + φ
−
3
2
)]
− sin
[(
φ+0 + φ
+
2
2
)
±
(
φ−0 + φ
−
2
2
)]}
= 0.
Using the fact that
sin a− sin b = 2 cos
(
a+ b
2
)
sin
(
a− b
2
)
,
yields
2 cos
(
Y + ± Y −
) {
γ1 sin
[
(X+1,2 ±X
−
1,2)− (X
+
3,0 ±X
−
3,0)
]
+γ2 sin
[
(X+1,2 ±X
−
1,2) + (X
+
3,0 ±X
−
3,0)
]}
= 0,
where we have denoted
Y ± =
φ±0 + φ
±
1 + φ
±
2 + φ
±
3
4
,
X±j,k =
φ±j − φ
±
k
4
.
from where it follows that
(γ1 + γ2) sin
(
X+1,2 ±X
−
1,2
)
cos
(
X+3,0 ±X
−
3,0
)
=
(γ1 − γ2) sin
(
X+3,0 ±X
−
3,0
)
cos
(
X+1,2 ±X
−
1,2
)
,
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or,
tan
(
X+3,0 ±X
−
3,0
)
=
(
γ1 + γ2
γ1 − γ2
)
tan
(
X+1,2 ±X
−
1,2
)
,
and therefore (
φ+3 − φ
+
0
4
)
±
(
φ−3 − φ
−
0
4
)
= arctan
[
δ tan
(
X+1,2 ±X
−
1,2
)]
,
where δ =
(
γ1+γ2
γ1−γ2
)
. Adding and subtracting the above expressions we obtain
φ±3 = φ
±
0 + Γ±,
with
Γ± = 2 arctan
[
δ tan
(
X+1,2 +X
−
1,2
)]
± 2 arctan
[
δ tan
(
X+1,2 −X
−
1,2
)]
.
Appendix C
Relations (29)and (31) can be written in matrix form,(
F (1,3)
F (2,3)
)
=
1
Z
(
A −B
C −D
)(
F (0,1)
F (0,2)
)
(37)
where
A = κ2λ2(c¯
+
0,1c
−
2,3 + c¯
+
2,3c
−
0,1),
B = κ2λ1c¯
+
0,2c
−
2,3 + κ1λ2c¯
+
2,3c
−
0,2,
C = κ2λ1c¯
+
1,3c
−
0,1 + κ1λ2c¯
+
0,1c
−
1,3,
D = κ1λ1(c¯
+
0,2c
−
1,3 + c¯
+
1,3c
−
0,2),
Z = κ2λ1c¯
+
1,3c
−
2,3 − κ1λ2c¯
+
2,3c
−
1,3. (38)
Introduce eqn. (32) into expressions (38). Consider now the following expansions
c−k,3 = ck,Γ−
(
1−
∆2−
8
)
−
∆−
2
sk,Γ
−
,
c¯+k,3 = c¯k,Γ−
(
1−
∆2+
8
)
+
∆+
2
s¯k,Γ+,
where we have denoted
ck,Γ
−
= cos
(
φ−k + φ
−
0 + Γ−
2
)
= c−k,0σ+ − s
−
k,0ρ−,
sk,Γ
−
= sin
(
φ−k + φ
−
0 + Γ−
2
)
= s−k,0σ+ + c
−
k,0ρ−,
c¯k,Γ+ = cos
(
φ+k − φ
+
0 − Γ+
2
)
= c¯+k,0σ− + s¯
+
k,0ρ+
s¯k,Γ+ = sin
(
φ+k − φ
+
0 − Γ+
2
)
= s¯+k,0σ− − c¯
+
k,0ρ+,
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and
σ± =
1± δ2 tan
(
x+y
4
)
tan
(
x−y
4
)
√
1 + δ2 tan2
(
x+y
4
)√
1 + δ2 tan2
(
x−y
4
) ,
ρ± =
δ
[
tan
(
x+y
4
)
± tan
(
x−y
4
)]
√
1 + δ2 tan2
(
x+y
4
)√
1 + δ2 tan2
(
x−y
4
) .
Next, we expand the expressions for A, B, C, D and Z in power series of f obtaining
A = A0 +
2∑
j,k=1
Aj,kfj,k +O(f0),
A0 = κ2λ2(c¯
+
0,1c2,Γ− + c
−
0,1c¯2,Γ+),
Aj,k =
1
2
κ2λ2(c
−
0,1s¯2,Γ+Λ
+
j,k − c¯
+
0,1s2,Γ−Λ
−
j,k),
B = B0 +
2∑
j,k=1
Bj,kfj,k +O(f0),
B0 = κ2λ1c¯
+
0,2c2,Γ− + κ1λ2c¯2,Γ+c
−
0,2,
Bj,k =
1
2
(κ1λ2c
−
0,2s¯2,Γ+Λ
+
j,k − κ2λ1c¯
+
0,2s2,Γ−Λ
−
j,k),
C = C0 +
2∑
j,k=1
Cj,kfj,k +O(f0),
C0 = κ1λ2c¯
+
0,1c1,Γ− + κ2λ1c¯1,Γ+c
−
0,1,
Cj,k =
1
2
(κ2λ1c
−
0,1s¯1,Γ+Λ
+
j,k − κ1λ2c¯
+
0,1s1,Γ−Λ
−
j,k),
D = D0 +
2∑
j,k=1
Dj,kfj,k +O(f0),
D0 = κ1λ1(c¯
+
0,2c1,Γ− + c
−
0,2c¯1,Γ+),
Dj,k =
1
2
κ1λ1(c
−
0,2s¯1,Γ+Λ
+
j,k − c¯
+
0,2s1,Γ−Λ
−
j,k),
Z = Z0 +
2∑
j,k=1
Zj,kfj,k +O(f0),
Z0 = κ2λ1c¯1,Γ+c2,Γ− − κ1λ2c1,Γ− c¯2,Γ+,
Zj,k =
1
2
(κ2λ1c2,Γ
−
s¯1,Γ+ − κ1λ2c1,Γ− s¯2,Γ+)Λ
+
j,k
−
1
2
(κ2λ1s2,Γ
−
c¯1,Γ+ − κ1λ2s1,Γ− c¯2,Γ+)Λ
−
j,k,
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where O(f0) denotes terms proportional to f0. It then follows
X
Z
=
X0
Z0

1 + 2∑
j,k=1
(
Xj,k
X0
−
Zj,k
Z0
)
fj,k

+O(f0),
where X = {A,B,C,D}.
Substituting (37), we obtain
F (1,3) =
A0
Z0
F (0,1) −
B0
Z0
F (0,2) + ω
(1)
1 F
(0,1)f2,1 + ω
(1)
2 F
(0,1)f2,2, (39)
F (2,3) =
C0
Z0
F (0,1) −
D0
Z0
F (0,2) + ω
(2)
1 F
(0,1)f2,1 + ω
(2)
2 F
(0,1)f2,2, (40)
where
ω
(1)
1 =
A0
Z0
(
A2,1
A0
−
Z2,1
Z0
)
+
B0
Z0
(
B1,1
B0
−
Z1,1
Z0
)
,
ω
(1)
2 =
A0
Z0
(
A2,2
A0
−
Z2,2
Z0
)
+
B0
Z0
(
B1,2
B0
−
Z1,2
Z0
)
,
ω
(2)
1 =
C0
Z0
(
C2,1
C0
−
Z2,1
Z0
)
+
D0
Z0
(
D1,1
D0
−
Z1,1
Z0
)
,
ω
(2)
2 =
C0
Z0
(
C2,2
C0
−
Z2,2
Z0
)
+
D0
Z0
(
D1,2
D0
−
Z1,2
Z0
)
.
From eqns. (28), we get
D+(φ
+
3 − φ
+
0 ) =
8
κ1
F (0,1)c−0,1 +
8
κ2
F (1,3)c−1,3,
D+(φ
+
1 − φ
+
2 ) =
8
κ1
F (0,1)c−0,1 −
8
κ2
F (0,2)c−0,2.
Introducing solution (32) in the first eqn. above, we find
D+(φ
+
3 − φ
+
0 ) = D+(Γ+ +∆+) =
= ∂xΓ+D+(φ
+
1 − φ
+
2 ) +D+∆+ =
=
8
κ1
F (0,1)c−0,1 +
8
κ2
F (1,3)c−1,3.
Using eqn. (39) in the above expression, and taking into account that F (0,1), F (0,2), F (0,1)f2,1
and F (0,1)f2,2 are independent, we arrive at the following conditions,
c−0,1
κ1
(∂xΓ+ − 1)−
c1,Γ
−
κ2
A0
Z0
+
gs−0,2
4κ2
Λ+1,2 +
gs−0,1
4κ1
Λ+1,1 = 0,
c−0,2
κ2
∂xΓ+ −
c1,Γ
−
κ2
B0
Z0
−
gs−0,1
4κ1
Λ+2,1 −
gs−0,2
4κ2
Λ+2,2 = 0, (41)
c−0,2
κ2
∂xΛ
+
1,1 +
c−0,1
κ1
∂xΛ
+
2,1 +
gs−0,2
4κ2
Λ+0 −
c1,Γ
−
κ2
ω
(1)
1 +
s1,Γ
−
2κ2
(
A0
Z0
Λ−2,1 +
B0
Z0
Λ−1,1
)
= 0,
c−0,2
κ2
∂xΛ
+
1,2 +
c−0,1
κ1
∂xΛ
+
2,2 −
gs−0,1
4κ1
Λ+0 −
c1,Γ
−
κ2
ω
(1)
2 +
s1,Γ
−
2κ2
(
A0
Z0
Λ−2,2 +
B0
Z0
Λ−1,2
)
= 0.
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Moreover, the chirality condition on (32) gives
D¯−(φ
+
3 − φ
+
0 ) = D¯−(Γ+ +∆+) = 0,
from where we obtain the following eqns.
c¯+0,1
λ1
∂yΓ+ +
gs¯+0,1
4λ1
Λ+1,1 +
gs¯+0,2
4λ2
Λ+1,2 = 0,
c¯+0,2
λ2
∂yΓ+ −
gs¯+0,1
4λ1
Λ+2,1 −
gs¯+0,2
4λ2
Λ+2,2 = 0,
c¯+0,2
λ2
∂yΛ
+
1,1 +
c¯+0,1
λ1
∂yΛ
+
2,1 +
gs¯+0,2
4λ2
Λ+0 = 0,
c¯+0,2
λ2
∂yΛ
+
1,2 +
c¯+0,1
λ1
∂yΛ
+
2,2 −
gs¯+0,1
4λ1
Λ+0 = 0. (42)
The two sets of eqns. namely, (41) and (42) give the following solutions,
Λ+1,1 = Λ
+
2,2 = −
8µ−
gη+η−
cos
(
x
2
)
sin
(
y
2
)
,
Λ+1,2 =
8µ−
gη+η−
(
λ2
λ1
)
sin
(
y
2
)
,
Λ+2,1 =
8µ−
gη+η−
(
λ1
λ2
)
sin
(
y
2
)
,
Λ+0 = −
32µ−
(gη+η−)2
sin
(
x
2
) [
cos
(
y
2
)
(a+ cos x− cos y)− 2µ+ cos
(
x
2
)]
,
where
µ± =
γ1
γ2
±
γ2
γ1
,
a =
1
2
(
γ21
γ22
+
γ22
γ21
)
+ 3,
η± = µ+ − 2 cos
(
x± y
2
)
. (43)
In order to determine the coefficients Λ− we make use of
D¯−(φ
−
3 − φ
−
0 ) =
8
λ1
F (0,1)c¯+0,1 −
8
λ2
F (1,3)c¯+1,3,
D¯−(φ
−
1 − φ
−
2 ) = −
8
λ1
F (0,1)c¯+0,1 +
8
λ2
F (0,2)c¯+0,2,
which are obtained from (30). Introducing (32) in the first of these eqns. we find
D¯−(φ
−
3 − φ
−
0 ) = D¯−(Γ− +∆−) =
= ∂yΓ−D¯−(φ
−
1 − φ
−
2 ) + D¯−∆− =
=
8
λ1
F (0,1)c¯+0,1 −
8
λ2
F (1,3)c¯+1,3.
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Using eqn. (39) in the above expression and taking into account that F (0,1), F (0,2), F (0,1)f2,1
and F (0,1)f2,2 are independent, we arrive at the following expressions,
c¯+0,1
λ1
(∂yΓ− + 1)−
c¯1,Γ+
λ2
A0
Z0
+
gs¯+0,1
4λ1
Λ−1,1 +
gs¯+0,2
4λ2
Λ−1,2 = 0,
c¯+0,2
λ2
∂yΓ− −
c¯1,Γ+
λ2
B0
Z0
−
gs¯+0,1
4λ1
Λ−2,1 −
gs¯+0,2
4λ2
Λ−2,2 = 0, (44)
c¯+0,2
λ2
∂yΛ
−
1,1 +
c¯+0,1
λ1
∂yΛ
−
2,1 +
gs¯+0,2
4λ2
Λ−0 −
c¯1,Γ+
λ2
ω
(1)
1 −
s¯1,Γ+
2λ2
(
A0
Z0
Λ+2,1 +
B0
Z0
Λ+1,1
)
= 0,
c¯+0,2
λ2
∂yΛ
−
1,2 +
c¯+0,1
λ1
∂yΛ
−
2,2 −
gs¯+0,1
4λ1
Λ−0 −
c¯1,Γ+
λ2
ω
(1)
2 −
s¯1,Γ+
2λ2
(
A0
Z0
Λ+2,2 +
B0
Z0
Λ+1,2
)
= 0.
The chiral condition
D+(φ
−
3 − φ
−
0 ) = D+(Γ− +∆−) = 0,
leads us to
c−0,1
κ1
∂xΓ− +
gs−0,1
4κ1
Λ−1,1 +
gs−0,2
4κ2
Λ−1,2 = 0,
c−0,2
κ2
∂xΓ− −
gs−0,1
4κ1
Λ−2,1 −
gs−0,2
4κ2
Λ−2,2 = 0,
c−0,2
κ2
∂xΛ
−
1,1 +
c−0,1
κ1
∂xΛ
−
2,1 +
gs−0,2
4κ2
Λ−0 = 0,
c−0,2
κ2
∂xΛ
−
1,2 +
c−0,1
κ1
∂xΛ
−
2,2 −
gs−0,1
4κ1
Λ−0 = 0. (45)
Solving (44) and (45) for Λ−, we find
Λ−1,1 = Λ
−
2,2 =
8µ−
gη+η−
cos
(
y
2
)
sin
(
x
2
)
,
Λ−1,2 = −
8µ−
gη+η−
(
κ2
κ1
)
sin
(
x
2
)
,
Λ−2,1 = −
8µ−
gη+η−
(
κ1
κ2
)
sin
(
x
2
)
,
Λ−0 = −
32µ−
(gη+η−)2
sin
(
y
2
) [
cos
(
x
2
)
(a− cosx+ cos y)− 2µ+ cos
(
y
2
)]
,
where µ±, a and η± are given in (43).
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